ABSTRACT. We study the local properties of Artin stacks and their good moduli spaces, if they exist. We show that near closed points with linearly reductive stabilizer, Artin stacks formally locally admit good moduli spaces. We also give conditions for when the existence of good moduli spaces can be deduced from the existence ofétale charts admitting good moduli spaces.
INTRODUCTION
We address the question on whether good moduli spaces for an Artin stack can be constructed "locally." The main results of this paper are: (1) good moduli spaces exist formally locally and (2) sufficient conditions are given for the Zariski-local existence of good moduli spaces givenétale-local existence. We envision that these results may be of use to construct moduli schemes of Artin stacks without the classical use of geometric invariant theory and semi-stability computations.
The notion of a good moduli space was introduced in [Alp08] to associate a scheme or algebraic space to Artin stacks with nice geometric properties reminiscent of Mumford's good GIT quotients. While good moduli spaces cannot be expected to distinguish between all points of the stack, they do parameterize points up to orbit closure equivalence. See section 2 for the precise definition of a good moduli space and for a summary of its properties.
While the paper [Alp08] systematically develops the properties of good moduli spaces, the existence was only proved in certain cases. For instance, if X = [Spec A/G] is a quotient stack of an affine by a linearly reductive group, then X → Spec A G is a good moduli space ([Alp08, Theorem 13.2]). Additionally, for any quasi-compact Artin stack X with a line bundle L, there is a naturally defined semi-stable locus X One might dream that there is some topological criterion guaranteeing existence of a good moduli space in the same spirit of the finite inertia hypothesis guaranteeing the existence of a coarse moduli space. One might pursue the following approach:
(1) Show that good moduli spaces exist locally around closed points.
(2) Show that these patches glue to form a global good moduli space.
We are tempted to conjecture that if x ∈ |X | is a closed point of an Artin stack with linearly reductive stabilizer, then there exists an open substack U ⊆ X containing x such that U admits a good moduli space. However, Example 2.3 shows that this is too much to hope for. While the stack in this example is quite pathological, it is unclear what the additional requirement should be to guarantee local existence of a good moduli space.
Although local patches of coarse moduli spaces always glue, the question of gluing good moduli spaces can be quite delicate and will not be addressed here.
While we cannot establish the existence of good moduli spaces Zariski-locally orétale-locally, we show that formally locally, good moduli spaces exist around closed points ξ ∈ |X | with linearly reductive stabilizer. Denote by X i the nilpotent thickenings of the induced closed immersion G ξ ֒→ X . Section 3 is devoted to making precise the statement that if X is the "completion of X at ξ", then X → Spf lim
space. In the process, we develop the geometric invariant theory for quotients of formal affine schemes by linearly reductive group schemes (see Section 4).
We prove in 3.3 that if there exists a good moduli space, then this formally local description is correct. Precisely, 
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In particular, the formal local ring O Y,y at a closed point y ∈ Y of a good moduli space is simply the invariants of the induced action of G x on a miniversal deformation space of the unique closed point x : Spec k → X above y.
A sufficiently powerful structure theorem for Artin stacks givingétale charts by quotient stacks could imply existence of good moduli spaces Zariski-locally. We recall the conjecture from [Alp09] :
Conjecture. If X is a finite type Artin stack over Spec k and x ∈ X (k) has linearly reductive stabilizer, then there is an algebraic space X over Spec k with an action of the stabilizer G x , a point x ∈ X, and anétale morphism
There are natural variants of this conjecture that one might hope are true. If the conjecture is true over S = Spec k for x ∈ X (k) with the additional requirement that X is affine, then there is an induced diagram
where ϕ is a good moduli space, f is anétale, representable morphism, and there is a point w ∈ W(k) with f (w) = x inducing an isomorphism Aut W(k) (w) → Aut X (k) (x). This is not enough to prove directly that there exists a good moduli space Zariski-locally (see Remark 5.10). This leads to the natural question of what additional hypotheses need to be placed on a morphism f : W → X where W admits a good moduli space to imply that X admits a good moduli space. We prove in section 5 (see section 2 for definitions): 
This theorem may be of use in practice to prove existence of good moduli spaces for certain Artin stacks which can be shown to admit explicitétale presentations as quotient stacks. Conversely, if we assume that there exists a good moduli space X → Y , then one might hope to show the local quotient conjecture is true by showing thatétale locally on Y , X is a quotient stack by the stabilizer.
Acknowledgments. I thank Max Lieblich, Martin Olsson, and Ravi Vakil for suggestions.
NOTATION
We will assume schemes and algebraic spaces to be quasi-separated. An Artin stack, in this paper, will have a quasi-compact and separated diagonal. We will work over a fixed base scheme S.
2.1. Good moduli spaces. We recall the following two definitions and their essential properties from [Alp08] . If φ : X → Y is a good moduli space, then φ is surjective, universally closed, universally submersive, has geometrically connected fibers and is universal for maps to algebraic spaces. They are stable under arbitrary base change on Y and are local in the fpqc topology on Y . Furthermore, they satisfy the strong geometric property that if Z 1 , Z 2 ⊆ X are closed substacks, then scheme-theoretically im Z 1 ∩ im Z 2 = im(Z 1 ∩ Z 2 ). This implies that for an algebraically closed O S -field k, there is a bijection between isomorphism classes of objects in X (k) up to closure equivalence and k-valued points of Y (ie. for points x 1 , x 2 : Spec k → X , φ(x 1 ) = φ(x 2 ) if and only if {x 1 } ∩ {x 2 } = ∅ in X × S k). Furthermore, we have the following generalization of Hilbert's 14th Problem: if S is an excellent scheme and X is finite type over S, then Y is finite type over S.
We also include the following lemma which should have been included in [Alp08] .
Lemma 2.3. If φ 1 : X 1 → Y 1 and φ 2 : X 2 → Y 2 are good moduli spaces, then φ 1 ×φ 2 :
Proof. The cartesian squares
/ / z z t t t t t t t t t t
imply that (id, φ 2 ) and (φ 1 , id) are good moduli space morphisms (ie. quasi-compact morphisms f : X → Y which are cohomologically affine and induce isomorphisms Definition 2.4. Let f : X → Y be a morphism of Artin stacks. We define:
is an isomorphism of group schemes over k. (iii) f is pointwise stabilizer preserving if f is stabilizer preserving at ξ for all ξ ∈ |X |.
Remark 2.5. Any morphism of algebraic spaces is stabilizer preserving and any pointwise stabilizer preserving morphism is representable. Both properties are stable under composition and base change. While a stabilizer preserving morphism is clearly pointwise stabilizer preserving, the converse is not true.
2.3.
Example. The following example shows that it is too much to hope for that every Artin stack Zariski-locally admits a good moduli space around a closed point with linearly reductive stabilizer. Let X be the non-separated plane attained by gluing two planes
along the open set {x = 0}. The action of Z 2 on Spec k[x, y] x given by (x, y) → (x, −y) extends to an action of Z 2 on X by swapping and flipping the axis. Then X = [X/Z 2 ] is a non-separated Deligne-Mumford stack. David Rydh shows in [Ryd07, Example 7.15] that there is no neighborhood of the origin of this stack that admits a morphism to an algebraic space which is universal for maps to schemes. In particular, there cannot exist a neighborhood of the origin which admits a good moduli space.
2.4. Weakly saturated morphisms. For a morphism of Artin stacks over a field, the property that closed points map to closed points have several essential properties (see for instance Theorem 5.1). However, this does not seem to be the right notion over an arbitrary base scheme as even finite type morphisms of schemes (eg. Spec k(x) → Spec k[x] (x) ) need not send closed points to closed points. It turns out that the notion of weakly saturated morphisms enjoy similar properties. Definition 2.6. A morphism f : X → Y of Artin stacks over an algebraic space S is weakly saturated if for every geometric point x : Spec k → X with x ∈ |X × S k| closed, the image f s (x) ∈ |Y × S k| is closed. A morphism f : X → Y is universally weakly saturated if for every morphism of Artin stacks
Remark 2.7. Although the above definition seems to depend on the base S, it is in fact independent: if S → S ′ is any morphism of algebraic spaces then f is weakly saturated over S if and only if f is weakly saturated over S ′ . Any morphism of algebraic spaces is universally weakly saturated. If f : X → Y is a morphism of Artin stacks finite type over S, then f is weakly saturated if and only if for every geometric point s : Spec k → S, f s maps closed points to closed points. If f : X → Y is a morphism of Artin stacks finite type over Spec k, then f is weakly saturated if and only if f maps closed points to closed points.
Remark 2.8. The notion of weakly saturated is not stable under base change. Consider the two different open substacks
is 2-cartesian and the induced morphisms Spec k → U i are open immersions which are not weakly saturated. This example shows that evenétale, stabilizer preserving, surjective, weakly saturated morphisms may not be stable under base change by themselves which indicates that the universally weakly saturated hypothesis in Theorem 5.8 is necessary.
Remark 2.9. There is a stronger notion of a saturated morphism f : X → Y requiring for every geometric point x : Spec k → X with image s : Spec k → S, then f s ({x}) ⊆ |X × S k| is closed. We hope to explore further the properties of saturated and weakly saturated morphisms as well as develop practical criteria to verify them in future work.
In this case, an open immersion U → X is weakly saturated if and only if U is saturated for φ.
GOOD MODULI SPACES FOR FORMAL SCHEMES
In this section, we show that the theory of good moduli spaces carries over to the formal setting. We will avoid using formal Artin stacks and make all statements and arguments using smooth, adic pre-equivalence relations. We will also only consider the case where the good formal moduli spaces are formal schemes which suffices for our applications. (We avoid using formal algebraic spaces because they have only been developed for separated, locally noetherian formal algebraic spaces and in Theorem 3.1, the noetherianness of the quotient should follow from the noetherian property of U and the properties of good moduli spaces rather than being implicitly assumed.) Our main interest is in fact the case of the inclusion of the residual gerbe of a closed point G ξ ֒→ X so that, in particular, the Y i are Artinian (dimension 0 noetherian schemes) and the formal good moduli space Y is a formal affine scheme with underlying topological space of a point.
3.1. Setup. We begin by setting up the notation and making elementary remarks.
3.1.1. A smooth, adic S-groupoid of locally noetherian formal schemes consists of a source and target morphisms s, t : R ⇉ U of locally noetherian formal schemes which are smooth and adic, an identity morphism e : U → R, an inverse i : R → R, and a composition c : R × s,U,t R → R satisfying the usual relations. If J is an ideal of definition of U and I = f * J · O U , we set U n and R n to be the closed subschemes defined by I n+1 and J n+1 , respectively. There are induced smooth S-groupoids s n , t n : R n ⇉ U n with identity an e n : U n → R n , an inverse i n : R n → R n , and a composition c n :
Note that by [Alp08, Prop 3.9(iv)] X n is cohomologically affine if and only if X 0 is. (
where all appropriate squares are 2-commutative and the appropriate squares in the top and middle row are 2-cartesian. Note that the bottom row of squares is not necessary cartesian. (There should exist a geometric object X (ie. a formal Artin stack) filling in the above diagram for which q factors through.)
We note that the formal scheme Y and the morphism q : U → Y do not depend on the choice of the ideal of definition I.
We do not know a priori that Y is locally noetherian. In particular, if the Y i = Spec A i are affine schemes, it is not immediate that the topological ring lim ←− A i is either adic or noetherian.
There is a natural map
is the sheaf of topological rings defined as the equalizer
3.1.3. More generally, if F is a coherent sheaf of O U -modules, an R-action on F is an isomorphism α : s * F → t * F satisfying the usual cocycle condition. If F n denotes the pullback of F to U n , then F n inherits a R n -action and therefore descends to a coherent sheaf F n of O Xn -modules. We will denote (q * F) R to be the sheaf of O Y -modules defined by the equalizer
(If there were a formal stack X , then (q * F) R should simply be the push forward under
It is not immediate that F R is coherent. The morphisms (q * F)
The sheaf I therefore inherits an R-action. We say that a closed subscheme Z ⊆ U is R-invariant if it is defined by an invariant sheaf of ideals.
For any adic morphism of formal schemes Y
′ → Y, by taking fiber products, there is an induced diagram as in 1. There are source and target morphisms s
indeed defines a smooth, adic S-groupoid of locally noetherian formal schemes. Because good moduli spaces are stable under arbitrary base change, there are good moduli spaces φ
Formal good moduli spaces.
Theorem 3.1. With the notation of 3.1, 
an isomorphism of sheaves of topological rings. (ii) The functor from coherent sheaves on U with R-actions to sheaves on
Y given by F → (q * F) R is exact. Furthermore, the morphism (q * F) R → lim ←− (φ i ) * F i is an isomorphism of topological O Y -modules. (iii) q is surjective (iv) If Z ⊆ U is a closed, R-invariant formal subscheme, then q(Z) is closed. (v) If Z 1 , Z 2 ⊆ U are closed, R-invariant formal subschemes, then set-theoretically q(Z 1 ) ∩ q(Z 2 ) = q(Z 1 ∩ Z 2 ) (vi) q
Proof. For (i), for each n we have an exact sequence
By taking inverse limits, we get that
O Yn is naturally identified with the equal-
For (ii),first the above argument generalizes to show that the morphism in (2) is an isomorphism of topological O Y -modules. Indeed, for each n we have an exact sequence (φ n ) * F n −→ (q n ) * F n ⇉ (q n • t n ) * t * n F n and by taking inverse limits, we get that lim ←− (φ n ) * F n is identified with the equalizer q * F ⇉ (q • t) * t * F. The functor F → (q * F) R is clearly left exact. Consider a surjection F ։ G of coherent O U -modules with R-action, which induces surjections F n ։ G n of coherent O Unmodules with R n -action and
Since properties (iii), (iv), and (v) are topological, they follow directly from corresponding property for good moduli spaces. For (vii), let I ⊆ A be an ideal. Let I n = π n (I) ⊆ A n where Y n = Spec A n and π n : A ։ A n . The closed subscheme U ′ n = U n × Spec A n Spec A n /I n ֒→ U n is defined by the sheaf of ideals J n = q *
n is closed formal subscheme of U defined by a coherent sheaf of ideals J = lim ←− J n which is R n -invariant descending to a coherent sheaf of ideals J n in O Xn . By [Alp08, Lemma 4.12], I n → Γ(X n , J n ) is an isomorphism and therefore by part (ii), in the diagram
the bottom row is an isomorphism. It follows that the left vertical arrow is an isomorphism. Since U is noetherian, it follows that any ascending chain I
(1) ⊆ I (2) ⊆ of ideals in A terminates.
For (viii) and (ix), we write Y = Spf A where A is a noetherian ring by (vii). We must show that A is an adic ring. Let I n = ker(A → A n ). Clearly, I n ⊇ I n 0 . Since A/I n 0 is Artinian, the descending chain I 0 ⊇ I 1 ⊇ · · · terminates so that there exists a k such that
is Hausdorff and complete with respect to the I 0 -adic topology. It follows from [EGA, 0.7.2.9] that M is a finitely generated A-module.
For (x), we have the identifications (q * I)
where I n and J n are the corresponding sheaf of ideals on X n . For each n, by [Alp08, Lemma 4.9], the inclusion (φ n ) * I n + (φ n ) * J n → (φ n ) * (I n + J n ) is an isomorphism. By taking inverse limits,
is also an isomorphism, we have that (q * I) R + (q * J) R → (q * (I + J)) R is an isomorphism. The final statement follows from the identification of the coherent sheaf of ideals (q * I)
Remark 3.2. As in [Alp08] , we contend that properties (i) and (ii) should in fact define the notion of a formal good moduli space and these two properties alone should imply the others. However, this theory would best be developed in the language of formal stacks which we are avoiding in this paper.
3.3. If X is a noetherian Artin stack and Z is a closed substack which is cohomologically affine, then the closed immersion Z ֒→ X induces a smooth, adic S-groupoid of locally noetherian schemes and a diagram as in (1). Let X 0 = Z and X n is the closed substack corresponding to the nth nilpotent thickening. Choose a smooth presentation U → X and set U i = U × X X i and R i = R × X X i . Then the smooth S-groupoids R i ⇉ U i induces a smooth, adic S-groupoid of locally noetherian schemes R ⇉ U where U = lim Since X 0 is cohomologically affine, its nilpotent thickenings X n are also cohomologically affine. Therefore, there are good moduli spaces φ n : 
Proof. We have that φ * I ⊆ J and lim
There is an inclusion (φ * I) n ⊆ φ * (I n ). Since Y n is Artinian, the descending chain of sheaves of ideals φ * (I n ) ⊇ φ * (I n+1 ) ⊇ · · · in Y n terminates so that for all n, there exists a N such that φ * (I N ) ⊆ (φ * I) n .
3.3. Local structure around closed points with linearly reductive stabilizer. We apply the results above to the case in which we are most interested in: X is a noetherian Artin stack and ξ ∈ |X | is a closed point with linearly reductive stabilizer. There is a closed immersion G ξ ֒→ X which, as in (3.3) induces a smooth, adic S-groupoid of locally noetherian schemes R ⇉ U. Since ξ ∈ |X | has linearly reductive stabilizer (see [Alp08, Definition 12 .12]), G ξ is cohomologically affine and φ 0 : G ξ → Spec k(ξ) is a good moduli space. The nilpotent thickenings also admit good moduli spaces φ n : X n → Y n and there is an induced morphism q : U → Y. 3.8. In particular, Corollary 3.7 implies that there is an isomorphism of topological rings lim
There may not exist a good moduli space for X but the following corollary will show that we do in fact know the local structure of the good moduli space if it exists. 
GEOMETRIC INVARIANT THEORY FOR FORMAL SCHEMES
In this section, we show that the constructions of geometric invariant theory carry over for actions of linearly reductive group schemes on formal affine schemes. 4.1. Setup. Let G is a linear reductive affine group scheme over a locally noetherian scheme S. Recall from [Alp08, Section 12] that this means that G → S is flat, finite type, and affine and the morphism BG → S is cohomologically affine. If X is a locally noetherian formal scheme over S, an action of G on X consists of a morphism σ : G × S X → X such that the usual diagrams commute. Set I to be the largest ideal of definition. Note that both the projection and multiplication p 2 , σ : G × S X → X are adic morphisms, and that I is G-invariant.
If X n = (X, O X /I n+1 ) are the closed subschemes defined by I n+1 , there are induced compatible actions of G on X n . Conversely, given compatible actions of G on the X n , there is a unique action of G on X restricting to the actions on X n where I is an invariant ideal of definition.
Suppose further that X = Spf B, S = Spec C with B is an I-adic C-algebra and G is an affine fppf linearly reductive group scheme over S. The action of G on X translates into a dual action σ
The action corresponds to a compatible family of dual actions σ
Then σ, p 2 : G × S X ⇉ X is a smooth, adic S-groupoid of locally noetherian formal schemes where the identity, inverse and composition morphisms and the commutativity of the appropriate diagrams are induced formally from the group action. (ii) for J 1 , J 2 ⊆ A invariant ideals,
5.ÉTALE LOCAL CONSTRUCTION OF GOOD MODULI SPACES
We begin by recalling a generalization of [Lun73, Lemma 1 on p.90] which gives sufficient criteria for when anétale morphism of Artin stacks induces anétale morphism of good moduli spaces. Remark 5.9. The universally weakly saturated hypothesis was only used in the proof above to conclude that the projections X 2 ⇉ X 1 are weakly saturated so that the induced maps Y 2 ⇉ Y 1 areétale.
Remark 5.10. The above theorem can not be weakened to only requiring that f is stabilizer preserving at ξ 1 . Indeed, in Example 2.3, the naturalétale presentation f : X → X is stabilizer preserving at the origin and both projections Z 2 × X ∼ = X × X X ⇉ X are weakly saturated. Clearly X admits a good moduli space since it itself is a scheme but X does not admit a good moduli space.
